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Abstract. We show that every state on an interval pseudo effect algebra 
E satisfying some kind of the Riesz Decomposition Properties (RDP) is an 
integral through a regular Borel probability measure defined on the Borel a- 
algebra of a Choquet simplex K. In particular, if E satisfies the strongest type 
of (RDP), the representing Borel probability measure can be uniquely chosen 
to have its support in the set of the extreme points of K. 

1. Introduction 

At the beginning of the Nineties, Foulis and Bennett [FoBe: introduced effect 
algebras with a partially defined addition, +, in order to axiomatize some quantum 
measurements. They reflect common features of the quantum logic V(H) of all 
orthogonal projectors of a Hilbert space H, that is a complete orthomodular lattice, 
and of the set of all Hermitian operators between the operators O and /, £{H), 
that models so-called POV-measures. 

Effect algebras generalize many examples of quantum structures, like Boolean 
algebras, orthomodular lattices or posets, orthoalgebras, MV- algebras, etc. We 
recall that MV-algebras are algebraic counterparts of the many-valued reasoning, 
and they appeared in Mathematics under many different names, situations and 
motivations. Even in the theory of effect algebras, they were defined in an equivalent 
way as Phi-symmetric effect algebras, |BeFoj . The monograph [DvPu] can serve as 
a basic source of information about effect algebras. 

Many important examples of effect algebras can be obtained as an interval in 
the positive cone of a partially ordered group (— po-group). For example, if B(H) 
denotes the system of all Hermitian operators, then it is a po-group with respect 
to the natural ordering of operators, and £(H) = [O, I] C B(H). 

During the last decade, a whole family of interesting structures has been ap- 
peared, like pseudo MV-algebras, |GeIo| . where some kind of commutativity was 
dropped. The author and Vetterlein introduced a non-commutative version of effect 
algebras, called pseudo effect algebras, see [DvVell rDvVe2) . If a pseudo effect alge- 
bra satisfies a stronger version of the Riesz Decomposition Property, (RDP)i, then 
it is also an interval in some not necessarily commutative po-group satisfying also 
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(RDP)i, DvVoL'l . In addition, there is even a categorical equivalence among such 
structures, the category of pseudo effect algebras with (RDP)i and the category of 
unital po-groups with (RDP)i that are not necessarily Abelian. 

A state is an analogue of a probability measure for quantum structures. It is 
defined as a normalized additive functional on a pseudo effect algebra preserving the 
partial addition +. In many cases it is connected with a state on a unital po-group. 

The state space of a pseudo effect algebra is always a compact convex set, un- 
fortunately, sometimes it is empty. Recently, Panti |Panj and Kroupa |Kro| proved 
that every state on an MV-algebra (= Phi-symmetric effect algebra) can be repre- 
sented as an integral through a regular Borel probability measure. This result was 
generalized in [Dvu2 also for interval effect algebras. In this study we continue 
with states on pseudo effect algebras, and this is the main aim of the present pa- 
per. For this goal, we show that if a pseudo effect algebra satisfies either (RDP)i 
or it is an interval in a unital po-group with (RDP), then its state space is either 
empty or it is a nonempty Choquet simplex. If E is even a pseudo effect algebra 
with (RDP)2, then its state space is either empty or a nonempty Bauer simplex. 
To show that it is necessary to study relatively bounded homomorphisms on non- 
Abelian po-groups. These notions are studied in the monograph |Goo[ pp. 37-42] 
only for Abelian po-groups. Because we are working with po-groups that are not 
necessarily commutative groups, it is necessary to exhibit these homomorphisms 
for our case in full details. 

Finally, this will allow us to represent any state as a standard integral through a 
regular Borel probability measure over the Borel c-algebra generated by the state 
space. 

The paper is organized as follows. Section 2 is a review on pseudo effect algebras 
and their basic properties. Relatively bounded homomorphisms for not necessarily 
Abelian po-groups are studied in Section 3. The state spaces of pseudo effect alge- 
bras and the situations when they are simplices are studied in Section 4. The main 
body of the paper, the integral representation of states on pseudo effect algebras, 
is exhibited in Section 5. Some final remarks are presented in the last section. 

2. Pseudo Effect Algebras 

According to |DvVel|[Dvu2] . a pseudo effect algebra is a partial algebra (E; +, 0, 1), 
where + is a partial binary operation and and 1 are constants, such that for all 
a,b,c £ E, the following holds 

(i) a + b and (a + b) + c exist if and only if b + c and a + (b + c) exist, and in 
this case (a + b) + c = a + (b + c); 

(ii) there is exactly one d £ E and exactly one e £ E such that a+d = e + a = I; 

(iii) if a + b exists, there are elements d,e £ E such that a + b = d + a = b + e; 

(iv) if 1 + a or a + 1 exists, then a = 0. 

If we define a < b if and only if there exists an element c £ E such that a + c= b, 
then < is a partial ordering on E such that < a < 1 for any a £ E. It is possible 
to show that a < b if and only if b = a + c = d + a for some c,d £ E. We write 
c = a / b and d — b \ a. Then 

(b \ a) + a = a + (a / b) = b, 
and we write a~ = 1 \ a and a~ = a / 1 for any a £ E. 
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For basic properties of pseudo effect algebras see [DvVelj and }DvVe2j . We recall 
that if + is commutative, E is said to be an effect algebra] for a comprehensive 
overview on effect algebras see e.g. |DvPu) . 

We recall that a po-group (= partially ordered group) is a group G with a partial 
order, <, such that if a < b, a, b £ G, then x + a + y < x + b + y for all x,y G G. We 
denote by G + the set of all positive elements of G. If, in addition, < implies that G 
is a lattice, we call it an £-group (= lattice ordered group). An element u E G + is 
said to a strong element if given g E G, there is an integer n > 1 such that g < nu, 
and the couple (G, u) with a fixed strong is called a unital po-group. The books 
like [Fuel IGla] can serve as guides through the world of partially ordered groups. 

For example, if (G, u) is a unital (not necessary Abelian) po-group with strong 
unit u, and 

T(G,u) :={<?€ G: 0<g<u}, (2.1) 

then (r(G, u); +, 0, u) is a pseudo effect algebra if we restrict the group addition 
+ to T(G,u). Every pseudo effect algebra E that is isomorphic to some T(G,u) is 
said to be an interval pseudo effect algebra. 

We recall that if a~ = a~ for all a E E, (E is said to be symmetric), then E 
is not necessarily commutative. E.g., let Z be the group of integers and G be a 
non-Abelian po-group, and let Z x G be the lexicographical product; u = (0, 1) is 
its strong unit. Then E = T((Z x G, (1,0)) is a symmetric pseudo effect algebra 
that is not commutative. 

According to [D vVelj , we introduce for pseudo effect algebras the following forms 
of the Riesz Decomposition Properties which in the case of commutative effect 
algebras can coincide: 

(a) For a,b € E, we write a com b to mean that for all a\ < a and b± < b, ai 
and b\ commute. 

(b) We say that E fulfils the Riesz Interpolation Property, (RIP) for short, if 
for any a\, flaj b 2 £ E such that a\, a% < b%, b 2 there is a c € E such that 
ai,a 2 < c < bi,b 2 - 

(c) We say that E fulfils the weak Riesz Decomposition Property, (RDPo) for 
short, if for any a,b\,b 2 EE such that a < b\ + b 2 there are d\,d 2 E E such 
that d\ < b\ , d 2 < b 2 and a = d\ + d 2 . 

(d) We say that E fulfils the Riesz Decomposition Property, (RDP) for short, if 
for any ai,a 2 ,b\,b 2 E E such that a\ + a 2 = b\ + b 2 there are di,d 2 ,d^,,di E 
E such that d± + d 2 = a±, d% + d± = a 2 , d\ + dj, — b±, d 2 + d^ = b 2 . 

(e) We say that E fulfils the commutational Riesz Decomposition Property, 
(RDPi) for short, if for any a\,a 2 ,b\,b 2 E E such that a\ + a 2 = b\ + b 2 
there are d\,d 2 ,d3,d± E E such that (i) d\ + d 2 = a%, d^ + d± = a 2 , 
di + da = b\, d 2 + d^ = b 2 , and (ii) d 2 com ^3. 

(f) We say that E fulfils the strong Riesz Decomposition Property, (RDP2) for 
short, if for any a\,a 2 ,b\,b 2 E E such that a\ + a 2 = b\ + b 2 there are 
d\,d 2 ,d?,,di E E such that (i) d\ + d 2 = a\ , d% + d± = a 2 , d± + d-j = b\ , 
d 2 + c?4 = b 2 , and (ii) d 2 A d% = 0. 

We have the implications 

(RDP 2 ) (RDPi) ^ (RDP) (RDP ) (RIP). 
The converse of any of these implications does not hold, see |DvVel] . For com- 
mutative effect algebras we have 

(RDP 2 ) (RDPi) o (RDP) o (RDP ) (RIP). 
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and 



In addition, every pseudo effect algebra with (RDP)2 is lattice-ordered, |DvVel[ 
Prop 3.3]. 

We note that if E is an effect algebra with (RDP), then E is an interval po- 
group, see [Ravj ( |DvPu[ Thm 1.7.17]), and also if E is a pseudo effect algebra with 
(RDP)i, then E is an interval pseudo effect algebra, see |DvVe2[ Thm 5.7]. 

According to [Gelo] . a pseudo MV-algebra is an algebra (M; ®~ ,~ , 0, 1) of type 
(2,1,1, 0,0) such that the following axioms hold for all x,y, z G M, where the 
derived operation appearing in the axioms (A6) and (A7) is defined by 

y 0x = (x~ © y _ )~. 

(Al) x © (y © z) = (x © y) © z; 

(A2) x©0 = 0ffix = x; 

(A3) x©l = l©x=l; 

(A4) 1~ = 0; I" = 0; 

(A5) (a;-ey-)~ = (a;~ey~)-; 

(A6) x © (x~ y) = y © (y~ x) = (x y~) © y = (y x~) © x\ 

(A7) x (ar © y) = (x © y~) y; 
(A8) = x. 

For a unital £-group (G, u) , set 

r(G,«) := [0,«] 

x © y := (x + y) A u, 

x~ := u — a;, 

x~ := —a; + u, 

x y := (x — u + y) V 0, 

then (r(G,w);©, _ ,~ , 0, u) is a pseudo MV-algebra, and according to |Dvulj . for 
any pseudo MV-algebra there is a unique unital £-group (G, u) such that M = 
T(G,u). 

Define + to be a partial operation on M that is defined for elements a,b £ M 
iff a < b~ , and in that case let a + b := a © b. Then (M; +, 0, 1) is a pseudo effect 
algebra satisfying (RDP) 2 , and conversely, every pseudo effect algebra satisfying 
(RDP) 2 can be transformed into a pseudo MV-algebra, see |DvVe2[ Thm 8.8]. 

We say that a mapping s from a pseudo effect algebra E into the real interval 
[0, 1] is a state if s(a + b) = s(a) + s(b) whenever a + b is defined in E and s(l) = 1. 
Let S(E) be the set of all states. Then it is a convex set, i.e. if si, s 2 G <S(£') and 
A G [0, 1], then s = Asi + (1 — A)s 2 G S(E). It can happen that «S(2?) is empty. A 
state s is extremal if from the property s = Xsi + (1 — A)s 2 for some Si, s 2 G S(E) 
and A G (0, 1), we conclude s = Si = s 2 . Let d e S(E) denote the set of all extremal 
states on £\ 

In a similar way we define also a state on any pseudo MV-algebra. 

We say that a net of states, {s a }, on E converges weakly to a state, s, on E if 
lim a s Q (a) = s(a) for any a G E. Then S(E) is a compact convex Hausdorff space, 
and due to the Krein-Mil'man Theorem, see |Goo| Thm 5.17], every state on E is 
a weak limit of a net of convex combinations of extremal states. 
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3. Relatively Bounded Homomorphisms 

A poset X is said to be directed if given x, y G X, there is an element z G X 
such that x < z and y < z. It is easy to show that a po-group G is directed iff every 
element g G G is a difference of two elements from G + , i.e. g = g± — §2 = —g[ + g 2 , 
where gi,g2,g[,g' 2 e G + ■ 

Let (G; +, 0, <) be a po-group. A subgroup H of G is said to be convex if from 
x < y < z, where x, z G H and y G G, we have y € H. An o-ideal is any directed 
convex subgroup of G. 

According to |DvVel[ IDvVe2] , we introduce different types of the Riesz Decom- 
position Properties for po-groups. 

Let (G; +, 0, <) be a directed po-group. 

(a) For a, 6 G G + , we write a com 6 to mean that for all a\ < a and b\ < 6, ai 
and b\ commute, where a%,bi G G + . 

(b) We say that G fulfils the Riesz Interpolation Property, (RIP) for short, if 
for any 01,02,61,62 > such that 01,02 < 61,62, there is a c G G such 
that 01,02 < c < 61,62- 

(c) We say that G fulfils the weak Riesz Decomposition Property, (RDPo) for 
short, if for any 0,61,62 > such that a < b\ + 62, there are d\,d 2 G G 
such that < di < 61, < d 2 < b 2 and a = d\ + d 2 . 

(d) We say that G fulfils the Riesz Decomposition Property, (RDP) for short, if 
for any a\,a 2 ,b\,b 2 > such that 01+02 = 61 + 62, there are d\,d 2 ,d^,di > 
such that d\ + di = a±, 0*3 + 04 = 02, di +0*3 = 61, d2 + d4 = 62. 

(e) We say that G fulfils the commutational Riesz Decomposition Property, 
(RDPi) for short, if for any 01, 02, 61, 62 > such that ai + 02 = 61 + 62, 
there are di,d 2 ,d^,d^ > such that (i) di + d2 = a\, d% + dt± = a 2 , 
di + da = bi, d 2 + d± = b 2 , and (ii) d2 com^. 

(f) We say that G fulfils the strong Riesz Decomposition Property, (RDP2) for 
short, if for any a\,a 2 ,bi,b 2 > such that ai + 02 = 61 + 62, there are 
d\,d 2 ,d'i,di > such that (i) di + d% = ai, d$ + d^ = a 2 , di + d% = 61, 
d2 + di = 62, and (ii) d 2 A ds = 0. 

Then 

(RDP 2 ) (RDPi) => (RDP) => (RDP ) & (RIP), 
and if G is Abelian, then (RDPo) (RDPi); if G is not Abelian, the converse 
implications do not hold, in general, |DvVel| lDvVe2j . In addition, (RDP2) holds 
in G iff G is an ^-group. 

Let G and H be po-groups. A mapping d : G + — > H is said to be subadditive 
provided d(0) = and d(x + y) < d(x) + d{y) for all x, y G G + . 

The following result is proved in |Gool Lem 2.24] for Abelian po-groups. An 
analogous proof can be used also for po-groups with (RIP) that are not necessarily 
Abelian. Also the rest of this section follows basic ideas of |Gool pp. 38-42]. 
Because we are interesting in general po-groups that are not studied in |Gooj . and 
(RIP) is not equivalent with (RDP) for non-Abelian po-groups, we will present 
all our proofs in full details for our not necessarily commutative po-groups with 
(RDP). 

Proposition 3.1. Let G be a directed po-group with (RDP), and let H be a 
Dedekind complete l-group, and let d : G + — > H be a subadditive mapping. For 
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all x G G + , assume that the set 

D{x) := {d(x{) H + d(x„) : x = x\ + h x n , Xx, ■ ■ ■ ,x n G G + } (3.1) 

is bounded above in H. Then there is a group homomorphism f : G —¥ H such that 
f(x) = \JD(x) for all x G G+ . 

Proof. Since H is a Dedekind complete £-group, due to [Fuel Cor V.20], H is 
Abelian. 

Therefore, f(x) := V D(x) is a well-defined mapping for all x G G + . It is clear 
that /(0) =0 and we are now going to show that / is additive on G + . 
Let x, y G G + be given. For all decompositions 

x = xi H Vx n and y = yi -\ h yk 

with all Xi, yj G G + , we have x + y — x\ + ■ ■ ■ + x„ + yi + ■ ■ ■ + yk, that yields 

J2d(xi) + J2 d (yj)<f( x + y)' 

Therefore, u + v < f(x + y) for all u G D(x) and b G D(y). Since H is Dedekind 
complete, Y is distributive with respect to + : 

m+f(y) = (y D(x)) + f(y) = V/ (u + f(y)) 

= \/ (u+(\/D{y)))= \/ \/ (« + „) 

ugfl(i) ueD(x) v£D(y) 

< f(x + y). 

Conversely, let x + y = z% H h z n , where each Zi G G + . Then (RDP) implies 

that there are elements xi, . . . , x n , y%, . . . , y n G G + such that x = x\ + • • ■ + x„, 
y = yi + • • • + y n and Zj = x, + yi for i = 1, . . . , n. This yields 

J2 d &) < E(^) + d (w)) = + d (w)) ^ + 

and therefore, f(x + y) < f(x) + f{y) and finally, /(x + y) = /(x) + f{y) for all 

x, y G G+. 

Since G is directed and H commutative, we can extend / also to the whole G 
as follows. The positive cone G + is a normal cone that generates G, so that every 
element x G G can be expressed by x = xi — a; 2 = — x' x + x' 2 for some xi , X2 , x[ , x' 2 G 
G + . Then x[ +x% = x' 2 + x 2 so that /(xi) — /(X2) = — f(x'i) + /(x2). This implies 
that if also x = yi - y 2 for some yi, y 2 G G+, then /(xi) - /(x 2 ) = /(yi) - /(y 2 ), 
so that / can be extended by /(x) := /(xi) — f(x2) whenever x = Xi — x 2 for 

xi, X2 G G + . In a similar way, we have also /(x) = —f{z\) + f{z2) = ffa) — f( z i) 
whenever x = — z\ + z^ for some z\, Z2 G G + . 

Let a G G + and 6 G G be arbitrary. Then there is an element a' G G + such 
that a + b = b + a', so that a' = — b + a + b. Let b = b\ — bi = —b\ + 62, where 
b 1 ,b 2 ,b' 1 ,b' 2 G G+. Hence, 

a + 61 - b 2 = -b[ + b' 2 + a' 
b' 1 +a + b 1 = b' 2 +a' + b 2 

M) + /(«) + f( b i) = f(&) + /(«') + /&») 

f(a)+f(b) = f(b)+f(a') 
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and the commutativity of H entails f(a) = /(a')- 

Similarly, there is a unique element a" G G + such that a" + b = b + a and 
therefore, f(a") = f(a). 

Now we show that f(x + y) = f[x) + f(y) for all x,y G G. Then x + y = u — v, 
x = —xi + X2 and y — yi — y 2 for some x±, X2, yi, J/2, u, v G G + . Then it — u = 
—Xi + X2 + yi — 2/2- There are unique elements x 2 j 2/i € G + such that 



it - v = -X! + x 2 + yi - y2 
u - v = -x% - yi + x' 2 + y[ 
V2 + xi + u = x' 2 + y[ + v 
/(») + f{xi) + f(u) = f(x' 2 ) + /(yi) + f(v) 

f(y 2 ) + f(xi) + f(u) = f(x 2 ) + f( yi ) + f(v) 

f(u) - f(v) = -f( Xl ) + f(x 2 ) + f{y x ) - f(y 2 ) 
f(x + y) = f(x)+f(y). 
This implies that / is a group homomorphism. □ 

Let X and Y be two posets. A mapping / : X — > Y is said to be relatively 
bounded provided that given any subset W of X which is bounded (above and 
below) in X, the set fiW) is bounded in Y. 

We recall that a group homomorphism / from one po-group, G, into another 
one, H, is positive if f{G + ) C H + . 

Proposition 3.2. Let G be a directed po-group with (RDP), let H be a Dedekind 
complete (.-group, and let f : G — » H be a group homomorphism. Then f is relatively 
bounded if and only if f = g — h for some positive homomorphisms g,h : G — > H. 

Proof. Again, H is an Abelian ^-group. Assume that f — g — h for some two positive 
group homomorphisms g, h : G — > H. If W C [a, b] in G, then g(W) C [g(a), gib)) 
and h[W) C [h(a),h(b)]. Then g(a) - h{b) < g{b) - h(a) and f(W) C [g{a) - 
h(b),g(b) — h(a)] that proves that / is relatively bounded. 

Conversely, let / be relatively bounded. If we set d(x) := /(x) VO for all x G G + , 
then d(0) = 0. For all x,y G G + , we have 

d(x + y) = (f(x) + f{y)) V < (f(x) V 0) + (f(y) V 0) = d(i) + %), 

so that (i is subadditive. 

Let us define D(x) by (3.1) for each x G G + . We assert that D(x) is bounded 
above in H. By the assumption, there are elements a,b G H such that /([0,x]) C 
[a, 6]. Fix a decomposition x — X\ + • ■ • + x n with x\ G G + for each i = 1, . . . , n. By 
[Gooi Lem 1.21], we have 

d(xi) = £(/(*o v o) = ( \/ ( E /(^) J ) v °- 

i=l i=l \Ae2" VigA / / 

For all A G 2™, we have 

ieA ieA ieA 

Hence, d{x\) + ■ ■ ■ + d(x n ) < b V 0, and consequently, 6 V is an upper bound for 
D(x) that proves the assertion. 
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By Proposition 13. 1[ there exists a group homomorphism g : G — > H such that 
g(x) = V D(x) for all x G G + . Since g(x) > c?(x) > 0, g(x) is a positive homo- 
morphism, and g{x) > d(x) > f(x) for all x G G + . Hence, h = g — f is a positive 
homomorphism, too. □ 

Let G be a directed po-group and H an Abelian po-group. The set, Hom(G, H), 
of all group homomorphisms from G into H is an Abelian group. Given /, <? G 
Hom(G, H), we define / < + g whenever g — f is a positive group homomorphism. 
Then < + is a partial order and Hom(G, H) is an Abelian po-group with respect 
to this partial order. Indeed, it is easy to see that < + is a preorder. Assume now 
(/ - g)( x ) > and (g - f)(x) for all x 6 G + , and thus f(x) = g(x) for all x G G+. 
The group G is directed and G + is a normal cone of G that generates G as a group. 
If x = Xi-x 2 with X!,x 2 G G+, then /(a;) = f(xi)-f(x 2 ) = g{xi)-g{x 2 ) = g{x), 
we see that f(x) = g(x) for all ieG. 

It is now clear that the positive cone of Hom(G, H ) consists of all positive ho- 
momorphisms from G into -ff. It is non-void because the zero homomorphism from 
G into H belongs to it. 

Proposition 3.3. Let G be a directed po-group with (RDP), let H be a Dedekind 
complete l-group, and let B{G, H) be the set of all relatively bounded group homo- 
morphisms from G to H. Then B is a nonempty o-ideal o/Hom(G, H). 

Proof. Because the zero homomorphism from G to H is a relatively bounded group 
homomorphism, B(G,H) is non-void, and according to Proposition 13.21 B(G,H) 
equals the subgroup of Hom(G, H) generated by the positive homomorphisms. 
Therefore, B(G,H) is a directed subgroup of Hom(G,if). 

Given / <E Hom(G, H) and g G B(G, H) such that < + / < + g, write g = gi~g 2 
for some positive homomorphisms gi,g 2 G Hom(G, H). Since / < + g < + g\, we 
have f = 9i — (.9i — f) with gi and gi — f positive homomorphisms, and hence, 
/ G B(G, H). This proves that B(G, H) is an o-ideal. □ 

Theorem 3.4. Let G be a directed po-group with (RDP) and let H be a Dedekind 
complete l-group. 

(a) The group B(G, H) of all relatively bounded group homomorphisms from G 
to H is a Dedekind complete (-group. 

(b) If {fi}iei i s a nonempty system of B(G, H) that is bounded above, and if 
d(x) = Vi fi(x) for all x G G + , then 

f\/ f^J ^ = \/i d ( Xl ^ ~! h d ( Xn ") '■ x = Xl H h xi,...,x n e G + } 

for all x G G + . 

(c) If {fi}iei * s 0, nonempty system of B(G, H) that is bounded below, and if 
e ( x ) — Aj fi( x ) f or a M x G G + , then 

i^/\f^j ( x ) = f\{e( x i) H 1- e(x n ) :x = x 1 -\ \-x n , Xi,...,x n G G + } 

/or al/ x G G+ . 

Proof. Let g G B(G,H) be an upper bound for {/i}. For any x G G + , we have 
< g{x), so that the mapping d(x) = \J i fi{x) defined on G + is a a subadditive 
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mapping. For any x G G + and any decomposition x = Xi + • • • + x n with all 
Xi £ G + , wc conclude d(x\) + • • • + d(x n ) < g(xi) + ■ ■ ■ + g(x n ) = g(x). Hence, g(x) 
is an upper set for D(x) defined by (3.1). 

Proposition 13 . 1 1 entails there is a group homomorphism / : G — > H such that 
f(x) — \j D(x). For every x G G + and every fi we have fi{x) < d(x) < f(x) that 
gives /, < + /. The mappings f — fi are positive homomorphisms belonging bo 
B(G, H) that gives / G B(G, H). If h G B(G,H) such that <+ h for any i G I, 
then d{x) < h{x) for any x G G + . As above, we can show that h{x) is also an upper 
bound for D(x), whence f(x) < h(x) for any x G G + that gives / < + h. In other 
words, we have proved that / is the supremum of {fi}iei, and its form is given by 

(b) . 

Now if we apply the order anti- automorphism z > — z in H , we see that infima 
exist in B(G, H) for any bounded below system {fi}i£i, and their form is given by 

(c) . 

By Proposition 13.21 B(G,H) is directed, combining (b) and (c), we see that 
B(G, H) is a Dedekind complete ^-group. □ 

If H = K, Theorem 13.41 can be reformulated as follows. 



Theorem 3.5. If G is a directed po- group with (RDP), then the group B(G,M.) of 
all relatively bounded group homomorphisms from G to R is a Dedekind complete 
lattice ordered real vector space. Given fx, . . . , f n G -B(G, M), 



\/ fi (x) = sup{/i(xi) H h f n (x n ) : x = xi H h x n , Xi, ...,x n G G + }, 

vi=l / 

\ l\ h ) i x ) = io£{fi(xi) H 1- fn{x n ) : X — X\ -\ h X„, X\,... ,X„ G G + }, 



for all x G G + . 

Proof. Due to Theorem 13.41 B(G,M.) is a Dedekind complete ^-group. It is evident 
that it is a Riesz space, i.e., a lattice ordered real vector space. 

Take fi,...,f n G B(G,R) and let / = f x V • • • V /„. For any x G G + and 

x = xi H h x n with xi, . . . ,x n G G+, we have /i(xi) H 1- /„(x„) < /(xi) + 

■•• + f{x n ) = /(x). Due to Theorem 13.41 given an arbitrary real number e > 0, 
there is a decomposition x = y± + ■ ■ ■ + yk with yi,...,yk G G + such that 

fe 

^max{/ife), • • -JniVj)} > f(x) - e. 
i=i 

We note that if a G G + and b G G, the elements a', a" G G + such that a + b = 
b + a' and b + a = a" + b are said to be (right and left) conjugates of a by b. Since 
K is Abelian, for any ft, G B(G,R), ft(a') = ft.(a) = ft(a"). 

If k < n, we can add the zero element to the decomposition, if necessary, so that 
without loss of generality, we can assume that k > n. 

We decompose the set {1, . . . , k} into mutually disjoint sets J(l), . . . , J(n) such 
that 

J(i) : = {j G {!,..., fc} : max{fi(yj),...,f n (yj)} = Myj)}. 
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Assume J (I) = {jt ± , ■ ■ ■ ,jni}- Since G + is a normal cone of G, x can be expressed 
in the form x — Xj ti +■ ■ '+Xj + x'j + - ■ - + x' k , where x'j, . . . ,x' k G G + are conjugates 
Of Xj, . . ., x k . 

Let x\ :— Xj ti + • • • + Xj . 

In a similar way, let J (2) = {j ta , . . . , j n2 } and let x 2 = y Jt2 H h y 3n2 . Again, 

we can express x in the form x — X\ + x 2 + y" + ■ ■ ■+y' k , where y' t "s are appropriate 
conjugates of y' s , . . . , y' k . Processing in this way for each J(i) — {j ti , . . . , j ni }, we 
define the element X{ = Ct jt + • • • + c tjn , where Ct js is an appropriate conjugate of 
the element yt js ■ Then x = x\ + ■ ■ ■ + x n , and 

n n k 

53 = 5Z 5Z fi(Vj) = ^2 max {h(yj)^--J-r l (yj)}>f(x)-e. 

i=l i=l jeJ(i) »=1 

This implies fix) equals the given supremum. 

The formula for (/i A ••• A f n )(x) can be obtained applying the order anti- 
automorphism z i — Y — z holding in R. □ 

4. State Spaces of Pseudo Effect Algebras and Simplices 

Simplices are important mathematical tools that can be used also for analysis 
of the state space of a pseudo effect algebra. In particular, we show that, for any 
pseudo effect algebra E with (RDP)i, the state space of E is either an empty set 
or it is a nonempty simplex. This result generalizes analogous result holding for 
effect algebras, see [Dvul Thm 5.1]. 

Now we present some elements of simplices. For a good source about convex 
sets, see the monographs |Alf| IPhe[ IGoo| lAlSc] . 

Let Ki, Ki be two convex sets. A mapping / : K\ — > K 2 is said to be affine if 
it preserves all convex combinations, and if / is also injective and surjective such 
that also / _1 is affine, / is an affine isomorphism and K\ and K 2 are ajfinely 
isomorphic. 

We recall that a convex cone in a real linear space V is any subset C of V such 
that (i) € C, (ii) if Xi,x% S C, then a\X\ +a 2 x 2 € C for any a\,a 2 € R + . A strict 
cone is any convex cone C such that C D — C = {0}, where — C = {—x : x 6 C}. 
A base for a convex cone C is any convex subset K of C such that every non-zero 
element y G C may be uniquely expressed in the form y = ax for some a G R + and 
some x G K. 

We recall that in view of [Goo, Prop 10.2], if K is a non-void convex subset of 
V, and if we set 

C = {ax: a G R + , x G if}, 

then C is a convex cone in V, and K is a base for C iff there is a linear functional 
f on V such that /(if) = 1 iff X is contained in a hyperplane in V which misses 
the origin. 

Any strict cone C of V defines a partial order <c via x <c y iff y — x G C. It is 
clear that C = {x <E V : <c £}• A lattice cone is any strict convex cone C in 1/ 
such that C is a lattice under <c ■ 

A simplex in a linear space V is any convex subset K of V that is affinely 
isomorphic to a base for a lattice cone in some real linear space. A simplex K in 
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a locally convex Hausdorff space is said to be (i) Choquet if K is compact, and (ii) 
Bauer if K and d e K are compact, where d e K is the set of extreme points of K. 

For example, for the important quantum mechanical example, if H is a separable 
complex Hilbert space, S(£(H)) is not a simplex due to [AlScl Thm 4.4] or [BrRo, 
Ex 4.2.6], where £(H) is the system of all Hermitian operators on a Hilbert space 
that are between the zero operator and the identity operator. On the other hand, 
the state space of a commutative C*-algebra and the trace space of a general C*- 
algebra are Choquet simplices, see [AlSci p. 7] or [BrRo, Ex 4.2.6]. 

Let (G, u) be a unital po-group with strong unit. A state on (G, u) we understand 
any positive homomorphism s : G — > R that is normalized, i.e. s(u) = 1. Let S(G, u) 
be the set of all states on (G, it). If (G, u) is an Abelian po-group, due to |Goo| Cor 
4.3], S(G,u) is always nonempty, whenever G ^ {0}. This is not true, in general, 
for non- Abelian unital po-groups, even not for unital ^-groups, see |Dvu| Cor 4.7]. 
On the other hand, if (G, u) is a linearly ordered, then S(G, u) is a singleton, |Dvul 
Thm 5.6]. It is possible to show |Dvu[ Prop 4.3, 4.6] that for a unital £-group (G, u), 
a state s is extremal iff Ker(s) := {g G G : s(\g\) = 0} is a maximal £-ideal (= lattice 
ordered o-ideal) that is normal. Therefore, (G, u) is non-void iff the unital £-group 
(G, u) has at least one maximal £-ideal that is also normal. 

In a similar way as for pseudo effect algebras, we can define an extremal state, 
and let d e S(G,u) be the set of extremal states on (G, u). We say that a net of 
states, {s Q }, on (G,u) converges weakly to a state, s, if liniQ, s a (g) — s(g) for any 
g G G. Then 5(G, u) is a compact convex Hausdorff space, and due to the Krein- 
Mil'man Theorem, see |Goo[ Thm 5.17], every state on (G, u) is a weak limit of a 
net of convex combinations of extremal states. 

Proposition 4.1. Let E = r(G, u), where (G, u) is a unital po-group satisfying 
(RDP). Then the restriction of every state s on E gives a state on E, and conversely, 
every state on E can be uniquely extended to a state on (G, u) . Moreover, the state 
spaces S(G,u) and S(E) are affinelly homeomorphic. 

Proof. It is evident that the restriction of any state on (G, u) is a state on E. 
Conversely, let s be a state on E. We extend s onto a state s defined on G + via 

s(x) = s(xi) + • • • + s(x n ) whenever x = x% + h x n , where x\,...,x n G E. We 

show that s is well-defined, indeed, let x = y\ + • • • + y m with yi,,..,y m G E. 
The (RDP) entails that there is a finite system {cy : i — 1, . . . , n, j = 1, . . . , m} 
from G + such that every Xi = X)JLi c «i- This implies each cy is from E. Check: 

y n s(x) = ^r n s(c -)-^r rn s(v) 

2-ii=\ b \ x t) — Z_,i=i Zjj=i ty^i]) — Z^j=i b \yj)- 

Since s is additive on G + and G + generates G, s can be easily extended to a 
unique state on the whole G. 

Therefore, the mapping s H > s defined on S(E) is injective, surjective and con- 
tinuous. If s G d e S(E), then s G d e S(G, u), and vice versa. 

Therefore, the state spaces <S(i?) and S(G,u) are affinelly homeomorphic. □ 

Theorem 4.2. J/ (G,u) is a unital po-group with (RDP), then either S(G,u) is 
empty or it is a nonempty Choquet simplex. In addition, the same is true for 
S(T(G,u)). 

Proof. Assume that S(G,u) is nonempty. Then the positive cone B(G,R) + of the 
Abelian Dedekind complete £-group B(G, R) consists of all positive homomorphisms 
from G into R, so that B(G,R)+ = {as : a G R + , s G S(G,u)}. The set S(G,u) 
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lies in the hyperplane {/ G B(G,M.) : f(u) = 1} which misses the origin. Therefore, 
S(G, u) is a base for B{G 1 R) + , and S(G, u) is a simplex. Since S(G, u) is compact, 
S(G,u) is a Choquet simplex. 

Since S(G,u) and <S(T(G, m)) are afhnely homeomorphic, Proposition 14.11 we 
conclude that S(T(G, it)) is also a Choquet simplex. □ 

Theorem 4.3. Let E be a pseudo effect algebra with (RDP)i. Then S(E) is either 
an empty set or it is a nonempty Choquet simplex. 

Proof. Let E be a pseudo effect algebra with (RDP)i and let S(E) ^ 0. Due to 
the basic representation of pseudo effect algebras with (RDP)i, |DvV e2 , Thm 5.7], 
there is a unique (up to isomorphism) unital po-group (G, u) with (RDP)i such 
that E ^ T(G,u). Because (G,u) satisfies also (RDP), by Theorem|4~21 S(T(G,u)) 
and S(E) are affinelly isomorphic Choquet simplices. □ 

Theorem 4.4. Let E be a pseudo effect algebra with (RDP)2. Then S(E) is either 
an empty set or it is a nonempty Bauer simplex. 

Proof. By |DvVe2[ Thm 5.7], there is a unique unital po-group (G, u) with (RDP)i 
such that E £ T(G,u). By |DvVe2[ Prop. 6.3], (G,u) satisfies even (RDP) 2 . 

Assume that S(E) ^ 0. As it was already mentioned at the end of Section 2, 
E can be converted into a pseudo MV-algebra. Due to |Dvu| Prop 4.7], a state s 
on a pseudo MV-algebra is extremal iff s(a A b) = min{s(a), s(b)} for all a,b G E. 
Therefore, d e S{E) is compact, and by Theorem 14.31 S(E) is a compact simplex. 
Hence, S{E) is a nonempty Choquet simplex. □ 

5. Representation of States by Integrals 

In this main section of the paper, we show that if s is a state on a pseudo effect 
algebra with (RDP)i, then it can be represented as an integral of a continuous 
afiine function through some regular Borel probability measure. It will generalize 
analogous results from |Dvu2] . 

We start with some necessary definitions. 

Let K be a compact convex subset of a locally convex Hausdorff space. A 
mapping / : K — > M is said to be affine if, for all x, y G K and any A G [0, 1], we 
have /(Ax + (1 — X)y) = Xf(x) + (1 — X)f(y). Let AS(K) be the set of all continuous 
afiine functions on K. Then Aff(K) is a unital po-group with the strong unit 1 which 
is a subgroup of the po-group C(K) of all continuous real- valued functions on K 
(we recall that, for f,g G C(K), f < g iff f(x) < g(x) for any x G K), hence it is 
an Archimedean unital po-group with the strong unit 1 that is even an £-group. 

For example, let E be a pseudo effect algebra such that S(E) ^ 0. Given a 6 E, 
let a : S(E) -> [0,1] such that a(s) := s(o), s G S(E). Then a G AS(S(E)). In 
a similar way, if S(G,u) ^ 0, for any g € (G,u), the mapping g : S(G,u) —> K 
defined by g(s) :— s(g), s G S(G,u), is a continuous afiine function on S(G,u). 

Let S = S(AS(K),1). Then the evaluation mapping rp : K — s> S defined by 
ip(x)(f) = f{x) for all / G Aff(K) (x G K) is an affine homeomorphism of K onto 
S, see pool Thm 7.1]. 

The po-group AS(K) is not necessarily neither with (RIP) nor an £-group. By 
pool Thm 11.4], AS(K) has (RIP) iff K is a Choquet simplex, and pool Thm 
11.21], Aff(.fr) is an £-group iff if is a Bauer simplex. Therefore, due to Theorems 
14.2114.41 we have the following result: 
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Theorem 5.1. Let for a unital po-group (G, u), the state space S(G,u) be non- 
void. If(G,u) has (RDP), then (Aff(5(G, u)), 1) is an Abelian unital po-group with 
(MP)- 

// (G, it) has (RDP)2, then (Aff(iS(G, it)), 1) is an Abelian unital po-group with 
(RDP) 2 . 

Let E be a pseudo effect algebra admitting at least one state. If E has (RDP)i, 
then (AS(S(E)), 1) is an Abelian unital po-group with (RIP), if E has (RDP)2, 
then (A&(S(E)), 1) is an Abelian unital £- group. 

If K is a compact Hausdorff topological space, let B(K) be the Borel er-algebra of 
K generated by all open subsets of K. Let Ai^(K) denote the set of all probability 
measures, that is, all positive regular er-additive Borel measures /i on B(K). We 
recall that a Borel measure /i is called regular if 

inf{/i(0) : Y CO, O open} = n(Y) = sup{^(G) : G C Y, C closed} 
for any Y G B(K). 

For example, if x G K, then the Dirac measure 5 X concentrated at the point x is 
a regular Borel probability measure on B(K). 
For two measures /i and A we write 

^^A iff [ fdfx = [ fdX, feAtt(K). 
Jk Jk 

If \x and A are nonnegative regular Borel measures on a convex compact set K, 
we introduce for them the Choquet ordering defined by 

H^X iff / fdn< [ fdX, feCon(K), 
Jk Jk 

where Cob.(K) is the set of all continuous convex functions / on K (that is f(ax\ + 
(1 — a)x 2 ) < af(xi) + (1 — a)f{x2) for X\,X2 € K and a G [0,1]). Then -< is 
a partial order on the cone of nonnegative measures. The fact A -< [i and // -< A 
implies A = /i follows from the fact that Con(i^T) — Con(i"Q is dense in C(K). 

Moreover, for any probability measure (= regular Borel probability measure) A 
there is a maximal probability measure fj, such that /i >- A, [Phe, Lem 4.1]. 

The fact [i y- X means that A has its support "closer" to the extreme points of 
K than does A. 

The following results have been proved in |Dvu2j for interval effect algebras. Here 
we generalize them for pseudo effect algebras with (RDP), (RDP)i, and (RDP) 2 , 
respectively. However, the situation for pseudo effect algebras follows basic ideas of 
the analogous proofs from |Dvu2] . we present the proofs here in full generality be- 
cause it was necessary to take into account a non-commutative character of pseudo 
effect algebras that was developed in the previous sections. 

Theorem 5.2. Let E — T(G, u) be a pseudo effect algebra such that it admits at 
least one state, where (G, u) is a unital po-group with (RDP) and let s be a state 
on E. Let ip : E — > AS(S(E)) be defined by ip(a) :— a, a £ E, where a is a mapping 
from S(E) into [0, 1] such that a(s) :— s(a), s e S(E). Then there is a unique state 
s on the unital Abelian po-group (A&(S(E)), 1) such that s(a) = s(a) for any a G E. 

The mapping s i— )• s defines an affine homeomorphism from the state space S(E) 
onto S(T(AS(S(E)),l)). 



14 



ANATOLIJ DVURECENSKIJ 



Proof. By Proposition ^. 1\ the mapping if) can be uniquely extended to a po-group 
homomorphism 'ijj : G — > AS(S(E)) via ip(g)(s) :— s(g) 7 s G S(G,u). Let s be a 
state on (G, m) that is a unique extension of a state s. Now applying the proof of 
[Gool Prop 7.20], we can show that [Gool Prop 7.20] holds also for our group G 
that is not necessarily bounded. Therefore, we have that there is a unique state s 
on (AS(S(E)), 1) such that s(a) = s(a), a G E. 

The affine homeomorphism s i— ► s follows from }Goo( Thm 7.1]. □ 

Theorem 5.3. Let (G,w) be a unital po-group with (RDP) and let s be a state 
on the pseudo effect algebra E = Y{G,u). Then there is a unique maximal regular 
Borel probability measure fi s ~ S s on B(S(E)) such that 



s(a) = / a{x) d/j, s (x), a 6 E. (5-1) 

Js(E) 

Proof. Due to Theorem 14.21 S(E) is a Choquet simplex. By Theorem l5.2[ there is 
a unique state s on (Aff(S(E)), 1) such that s(a) = s(a), a 6 A. 

Applying the Choquet-Meyer Theorem, |Phe[ Thm p. 66], we have 



f(s)= [ f(x)dfi s , feAS(S(E)). 

JS(E) 



>S(E) 

Since a G Aff(S(E)) for any a G E, we have the representation given by (5.1). □ 

Theorem 5.4. Let E be a pseudo effect algebra satisfying (RDPi) and let s be 
a state on E. Then there is a unique maximal regular Borel probability measure 
fi s ~ 5 S on B(S(E)) such that 



s i a ) = / d(x) dfj, s (x), a£E. 
Js(E) 

Proof. By [Gool Thm 5.7], there is a unital po-group (G, u) with (RDP)! such that 
E = r(G,w). The desired result follows now from Theorem 15.31 □ 

Theorem 5.5. Let E be a pseudo effect algebra with (RDP)2 and let s be a state 
on E. Then there is a unique regular Borel probability measure, on J3(S(E)) 
such that fj, s (d e S(E)) = 1 and 



s(a) = / a(x)dn s (x), a G E. (5.2) 

Jd e S(E) 

Proof. Due to Theorem 15 . 31 we have a unique regular Borel probability measure 
fi s ~ S s such that (5.1) holds. The characterization of Bauer simplices, [Alf, Thm 
II.4.1], says that then fi s is a unique regular Borel probability measure /i s on such 
that (5.1) holds and ^ s (d e S(E)) = 1. Hence, (5.2) holds. □ 

Corollary 5.6. Let s be a state on a pseudo MV-algebra E. Then there is a unique 
regular Borel probability measure, fi s , on B(S(E)) such that (i s (d e S(E)) — 1 and 

s(a) = / a(x) dfi s (x), a^E. 

JdeS(E) 
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Proof. From |DvVe2| Thm 8.8], we have that the pseudo MV-algebra E can be 
converted into a pseudo effect algebra with (RDP)2- Since the notions of states on 
pseudo MV-algebras and on pseudo effect algebras coincide, the corollary follows 



Corollary 15 .61 generalizes the analogous statements proved in [Krol IPan] for MV- 
algebras. 

We endow the set of regular Borel probability measures with the weak* topology, 
i.e., a net {fi a } converges to an element /z iff J K f dfi a — > f K fdn for all / £ C(K). 

Any convex subset F of a convex set K is a face if x = Xxi + (1 — \)x 2 £ F, 
< A < 1, entail X\,X2 £ F. 

Corollary 5.7. Let E be a pseudo effect algebra with (RDP)2 and let S(E) be 
nonempty. Let F be the set of regular Borel probability measures /i £ A4^(S(E)) 
such that fj,(d e S(E)) — I is a closed face. The mapping s i— > fi s , where fi s is a 
unique regular Borel probability measure satisfying (5.2) and fi s (d e S(E)) — 1, is 
an affine homeomorphism between S(E) and F that is endowed with the weak* 
topology. A state s on E is extremal if and only if /J, s in (5.2) is extremal. In such 
a case, fi s = 5 S . 

Proof. Due to Theorem 15.51 and (5.2), the mapping s H- /j s is affine and injective. 
If jjL is a regular Borel probability measure with /i(d e S(E)) = 1, then /i defines via 
(5.2) some state, s, on E. Hence, the mapping is surjective. The continuity follows 

from Alf, Thm II.4.1 (iii)] . 

It is clear that F is a face. Since the set d e S{E) is closed, due to |Goo| Prop 
5.25], F is closed. 

At any rate, every Dirac measure 5 S also with S s (d e S(E)) = 1 is always a reg- 
ular Borel probability measure. Equality (5.2) entails that s has to be extremal. 
Conversely, if s is extremal, the uniqueness of fi s yields that fi s — 5 S . □ 

It is worthy to remark a note concerning formula (5.2) that if p, is any regular 
Borel measure, the formula (5.1) defines a state, say on E. But if p(d e S(E)) < 1, 
then for s^ there is another unique regular Borel probability measure /iq such that 
fio(d e S(E)) = 1 and it represents s M via (5.2). 

Corollary 5.8. Let (G,u) be a unital po- group satisfying (RDP) and let s be a state 
on it. Then there is a unique maximal regular Borel probability measure [i s ~ S s 
on B(S(G,u)) such that 



JS(G,u) 

If, in addition, (G,u) satisfies (RDP)2, there is a unique regular Borel probability 
measure, /i s , on B(S(G,u)) such that ji s {d e S{G,u)) = 1 and 



Proof. Due to Proposition 14.11 the state spaces of E = T(G,u) and of T(G,u) 
are affinely homeomorphic and every state on E can be uniquely extended to a 
state on (G,u). The statements follow easily from Theorem 15. 3[ (5.1) and from 
Theorem 15.51 and (5.2), respectively. Indeed, let s £ S(G,u). We define a mapping 



from Theorem 15.51 



□ 





(5.3) 
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9 : S(G, u) -S- S(E) defined by 9(s) := s\E. By Proposition ED is an affine 
homeomorphism . 

It is enough to assume g G G + . Then g = a\ + ■ ■ ■ + a n with a\, . . . , a n G E. 

Then s(g) = s(ai) H h s(a„) = 0(s)(ai) H h 0(s)(a„) = ai(0(s)) H h 

fln(^(s)) = <?( s )- Let i/ s be a unique regular Borel measure defined on B(S(E)) such 
that v s ~ <^e(s) and (5.1) holds. If we set fi s := v s o 9, then /i s is a unique regular 
measure on S(G,u) such that /j, s ~ (5 S . Then (5.1) gives 



(.9) = E/ &i(y)dv s (y)= [ g(9(x))dv s (9(x))= f g(x)d(i s (x). 

l=1 JS(E) Je- 1 (S(E)) JS(G,u) 



a 



6. Conclusion 

The states on pseudo effect algebras are analogous of probabilities appearing in 
quantum measurements. In many situations, an effect algebra or a pseudo effect 
algebra is an interval in a unital po-group. Their state spaces are convex compact 
Hausdorff spaces that are sometimes empty. If the state space is nonempty, then 
some kind of the Riesz Decomposition Property allows us to show that the state 
space is a Choquet simplex, Theorem 14. 2[ or even a Bauer simplex, Theorem 14.41 

However, the state space of the crucial example of the Hilbert space quantum 
mechanics, £(H), is not a simplex, the state spaces of commutative C*-algebra are 
simplices. 

In Section 5, we have showed that if a state of a pseudo effect algebra is with 
(RDP)i or with (RDP)2, then it can be expressed as an integral of some continuous 
affine function through a regular Borel probability measure, formulas (5.1) and 
(5.2), even with some kind of uniqueness. 

Formulas (5.1) and (5.2) are interesting also in other point of view: According 
to de Finetti, a probability measure is only a finitely additive measure, and by Kol- 
mogorov |Kol] . a probability measure is assumed to be er-additivc. The mentioned 
formulas show that there is a natural coexistence between both approaches. 
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